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Modern Graphics Processing Units (GPUs) provide high computation power at low costs and have been described as desktop supercomputers. The GPUs expose a general, data-parallel programming model today in the
form of CUDA and CAL. The GPU is presented as a massively multithreaded architecture by them. Several
high-performance, general data processing algorithms such as sorting, matrix multiplication, etc., have been developed for the GPUs. In this paper, we present a set of general graph algorithms on the GPU using the CUDA
programming model. We present implementations of breadth-first search, st-connectivity, single-source shortest
path, all-pairs shortest path, minimum spanning tree, and maximum flow algorithms on commodity GPUs. Our
implementations exhibit high performance, especially on large graphs. We experiment on random, scale-free, and
real-life graphs of up to millions of vertices. Parallel algorithms for such problems have been reported in the
literature before, especially on supercomputers. The approach has been that of divide-and-conquer, where individual processing nodes solve smaller sub-problems followed by a combining step. The massively multithreaded
model of the GPU makes it possible to adopt the data-parallel approach even to irregular algorithms like graph
algorithms, using O(V ) or O(E) simultaneous threads. The algorithms and the underlying techniques presented
in this paper are likely to be applicable to many irregular algorithms on them.

1. Introduction

there does not exist an efficient PRAM solution
to the DFS problem. A suitable mix of parallel
and serial hardware is required for efficient implementation in such cases.
Modern Graphics Processing Units (GPUs)
provide high computation power at low costs and
have been described as desktop supercomputers.
The GPUs have been used for many general purpose computations due to their low cost, high
computing power, and high availability. The latest GPUs, for instance, can deliver close to 1
TFLOPs of compute power at a cost of around
$400. The stages of the graphics pipeline were
exploited for parallelism with the flow of execution handled serially using the pipeline in the earlier, GPGPU model. The GPUs expose a general,
data-parallel programming model today in the
form of CUDA and CAL. The recently adopted
OpenCL standard [38] will provide a common
computing model to not only all GPUs, but also
to other platforms like multicore, manycore, and
Cell/B.E. The Compute Unified Device Architecture (CUDA) from Nvidia presents a hetero-

Graphs are popular data representations in
many computing, engineering, and scientific areas. Fundamental graph operations such as
breadth first search, st-connectivity, shortest
paths, etc., are building blocks to many applications. Implementations of serial fundamental
graph algorithms exist [36,14] with computing
time of the order of vertices and edges. Such implementations become impractical on very large
graphs involving millions of vertices and edges,
common in many domains like VLSI layout, phylogeny reconstruction, network analysis, etc. Parallel processing is essential to apply graph algorithms on large datasets. Parallel implementations of some graph algorithms on supercomputers are reported, but are accessible only to a few
owing to the high hardware costs [6,8,52]. CPU
clusters have been used for distributed implementations. Synchronization however becomes a bottleneck for them. All graph algorithms cannot
scale to parallel hardware models. For example,
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geneous programming model where the parallel
hardware can be used in conjunction with the
CPU. This provides good control over sequential
flow of execution which was absent from the earlier GPGPU. CUDA can be used to imitate a parallel random access machine (PRAM) if global
memory alone is used. In conjunction with a
CPU, it can be used as a bulk synchronous parallel (BSP) hardware with the CPU deciding the
barrier for synchronization.
CUDA presents the GPU as a massively
threaded parallel architecture, allowing upto millions of threads to run in parallel over its processors, with each having access to a common
global memory. Such a tight architecture is a departure from the supercomputers, which typically
have a small number of powerful cores. The parallelizing approach on them was that of divideand-conquer, where individual processing nodes
solve smaller sub-problems followed by a combining step. The massively multithreaded model
presented by the GPU makes it possible to adopt
the data-parallel approach even to irregular algorithms like graph algorithms, using O(V ) or O(E)
simultaneous threads. The multicore and manycore processors of the future are likely to support
a massively multithreaded model. Each core will
be simple with support for multiple threads in
flight, as the number of cores exceeds a few dozens
into the hundreds as has been proposed.
Several high-performance, general data processing algorithms such as sorting, matrix multiplication, etc., have been developed for the
GPUs. In this paper, we present a set of general
graph algorithms on the GPU, using the CUDA
programming model. Specifically, we present
implementations of breadth first search (BFS),
st-connectivity (STCON), single source shortest
path (SSSP), all pairs shortest path (APSP), minimum spanning trees (MST), and maximum flow
(MF). Our implementations exhibit high performance, especially on large graphs. We experiment on random, scale-free, and real-life graphs
of up to millions of vertices. Our algorithms don’t
just present high performance. They also provide strategies for exploiting the massively multithreaded architectures on future manycore architectures for graph theory as well as for other
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problems.
Using a single graphics card, we perform BFS
in about half a second on a 10M vertex graph
with 120M edges, and SSSP on it in 1.5 seconds.
On the DIMACS full-USA graph of 24M vertices and 58M edges it takes less than 9 seconds
for our implementation to compute the minimum
spanning tree. We study different approaches to
APSP and show a speed up by a factor of 2 − 4
times over Katz and Kider [33]. A speed up of
nearly 10 − 15 times over CPU Boost graph library is achieved for all algorithms are reported
in this paper for general large graphs.
2. Compute Unified Device Architecture
Programmability was introduced to the GPU
with shader model 1.0 and since enhanced up
to the current shader model 4.0 standard. A
GPGPU solution poses an algorithm as a series of
rendering passes following the graphics pipeline.
Programmable shaders are used to interpret data
in each pass and write the output to the frame
buffer.
Amount of memory available on the GPU
and its representation are restricting factors for
GPGPU algorithms; a GPU cannot handle data
greater than the largest texture supported by it.
The GPU memory layout is also optimized for
graphics rendering which restricts the GPGPU
solution. Limited access to memory and processor anatomy makes it tricky to port general algorithms to this framework [40].
CUDA enhances the GPGPU programming
model by not treating the GPU as a graphics
pipeline but as a multicore co-processor. Further it improves the GPGPU model by removing memory restrictions for each processor. Data
representation is also improved by providing programmer friendly data structures. All memory
available on the CUDA device can be accessed
by all processors with no restriction on its representation, though the access times may vary for
different types of memory.
At the hardware level, CUDA is a collection
of multiprocessors consisting of a series processors. Each multiprocessor contains a small shared
memory, a set of 32-bit registers, texture, and
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Figure 1. The CUDA hardware model (top) and programming model (bottom), showing the block to
multiprocessor mapping.
constant memory caches common to all processors inside it. Each processor in the multiprocessor executes the same instruction on different
data, which makes it a SIMD model. Communication between multiprocessors is through the
device global memory, which is accessible to all
processors within a multiprocessor.
As a software interface, CUDA API is a set of
library functions which can be coded as an extension of the C language. A compiler generates
executable code for the CUDA device. For the
programmer CUDA is a collection of threads running in parallel. Each thread can use a number
of private registers for its computation. A collection of threads (called a block) runs on a multiprocessor at a given time. The threads of each
block have access to a small amount of common
shared memory. Synchronization barriers are also
available for all threads of a block. A group of
blocks can be assigned to a single multiprocessor but their execution is time-shared. The available shared memory and registers are split equally
amongst all blocks that timeshare a multiprocessor. A single execution on a device generates a
number of blocks. Multiple groups of blocks are
also time shared on the multiprocessor for execution. A collection of all blocks in a single execution is called a grid (Figure 1).
Each thread executes a single instruction set
called the kernel. Each thread and block is given a
unique ID that can be accessed within the thread

during its execution. These can be used by each
thread to perform the kernel task on its part of
the data, an SIMD execution. An algorithm may
use multiple kernels, which share data through
the global memory and synchronize their execution at the end of each kernel. Threads from multiple blocks can only synchronize at the end of the
kernel execution by all threads.
3. Representation and Algorithm Outline
Efficient data structures for graph representation have been studied in depth. Complex data
structures like hash tables [32] have been used for
efficiency on the CPU. The GPU memory layout
is optimized for graphics rendering and cannot
support user defined data structures efficiently.
Creating an efficient data structure under the
GPGPU memory model is a challenging problem [35,28]. However, the CUDA model treats
memory as general arrays and can support more
efficient data structures.
The adjacency matrix is a good choice for representing graphs on the GPU. However, it is not
suitable for large graphs because of its O(V 2 )
space requirements. This restricts the size of
graphs that can be handled by the GPU. Adjacency list is a more practical representation for
large graphs requiring O(V + E) space. We represent graphs using a compact adjacency list representation with each vertex pointing to its starting edge list in a packed adjacency list of edges
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Figure 2. Graph representation is in terms of a
vertex list that points to a packed edge list.
(Figure 2). Uneven array sizes can be supported
on CUDA.
The vertex list Va points to its starting index
in the edge list Ea . Each entry in the edge list Ea
points to a vertex in vertex list Va . Since we deal
with undirected graphs, each edge results in one
entry for each of its end vertices. Cache efficiency
is hard to achieve using this representation as the
edge list can point to any vertex in Va and can
cause random jumps in memory. The problem
of laying out data in memory for efficient cache
usage is a variant of the BFS problem itself.
We use this representation for all algorithms reported in this paper except one all pairs shortest
paths method. A block-divided adjacency matrix
representation is used to exploit better cache efficiency there (explained in section 7.2.1). The
output for APSP requires O(V 2 ) space and thus
adjacency matrix is a more suitable representation.
3.1. Algorithm Outline on CUDA
The CUDA hardware can be seen as a multicore/manycore co-processor in a bulk synchronous parallel mode when used in conjunction with the CPU. Synchronization of CUDA
threads can be achieved with the CPU deciding
the barrier for synchronization. Broadly a bulk
synchronous parallel machine follows three steps:
(a)Concurrent computation: Asynchronous computation takes place on each processing element
(PE). (b)Communication: PEs exchange data
between each other. (c)Barrier Synchronization:
Each process waits for other processes to finish. Concurrent computation takes place at the
CUDA device in the form of program kernels with

communication through the global memory. Synchronization is achieved only at the end of each
kernel. Algorithm 1 outlines the CPU code in
this scenario. The skeleton code runs on the CPU
while the kernels run on a CUDA device.

Algorithm 1 CPU SKELETON
1: Create and initialize working arrays on
CUDA device.
2: while NOT T erminate do
3:
T erminate ← true
For each vertex/edge/color in parallel:
4:
5:
Invoke Kernel1
6:
Synchronize
7:
For each vertex/edge/color in parallel:
8:
Invoke Kernel2
9:
Synchronize
10:
etc...
11:
For each vertex/edge/color in parallel:
12:
Invoke Kerneln and modify T erminate
13:
Synchronize
14:
Copy T erminate from GPU to CPU
15: end while
The termination of an operation depends on a
consensus between threads. A logical OR operation needs to be performed over all active threads
for termination. We use a single boolean variable
(initially set to true) that is written over by all
threads independently, typically by the last kernel
during execution. Each non-terminating thread
writes a false to this location in global memory.
If no thread modifies this value, the loop terminates. The variable needs to be copied from GPU
to CPU after each iteration to check for termination (Algorithm 1 line 2).
Algorithms presented differ from each other in
the kernel code and the data structure requirements but the CPU skeleton pseudo-code given
above applies to all algorithms reported in this
paper.
3.2. Vertex List Compaction
We assign threads to an attribute of the graph
(vertex, color etc.) in most implementations.
This leads to |V | threads executing in parallel.
The number of active vertices, however, varies
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in each iteration of execution. Active vertices
are typically indicated in an activity mask, which
holds a 1 for each active vertex. During execution, each vertex thread confirms its status from
the activity mask and continues execution if active. This can lead to poor load balancing on the
GPU, as CUDA blocks have to be scheduled even
when all vertices of the block are inactive, leading
to an unbalanced SIMD execution. Performance
will improve if we deploy only as many threads as
the active vertices, reducing the number of blocks
and thus time sharing on the CUDA device [46].
A scan operation on the activity mask can determine the number of active vertices as well as
give each an ordinal number. This establishes a
mapping between the original vertex index and its
new index amongst the currently active vertices.
Using the scan output, we compact all entries in
the activity mask to a new active mask (Figure 3)
creating the mapping of new thread IDs to old
vertex IDs. While using active mask, each thread
finds its vertex by looking at its active mask and
thereafter executes normally.
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Figure 3. Vertex compaction is used to reduce the
number of threads needed when not all vertices
are active.
There is a trade-off between time taken by parallel thread execution and time taken for scan
and compacting. For graphs where parallelism
expands slowly, compaction makes most sense, as
many threads will be inactive in a single grid execution. For faster expanding graphs, compacting can become an overhead. We report experi-
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ments where vertex compaction gives better performance than the non compacted version.
4. Breadth First Search (BFS)
The BFS problem is to find the minimum number of edges needed to reach every vertex in graph
G from a source vertex s. BFS is well studied in
serial setting with best time complexity reported
as O(V + E). Parallel versions of BFS algorithm
also exist. A study of the BFS algorithm on
Cell/B.E. processor using the bulk synchronous
parallel model appeared in [45]. Zhang et al. [53]
gave a heuristic search for BFS using level synchronization. Bader et al.[6] implement BFS for
the CRAY MTA−2 supercomputer and Yoo et al.
[52] on the BlueGene/L.
We treat the GPU as a bulk synchronous device and use level synchronization to implement
BFS. BFS traverses the graph in levels, once a
level is visited it is not visited again during execution. We use this as our barrier and synchronize
threads at each level. A BFS frontier corresponds
to all vertices at the current level, see Figure 4.
Concurrent computation takes place at the BFS
frontier where each vertex updates the cost of its
neighboring vertices by assigning cost values to
their respective indices in the global memory.
We assign one thread to every vertex, eliminating the need for queues in our implementation. This decision further eliminates the need to
change grid configuration and reassigning indices
in the global memory with every kernel execution,
which incurs additional overheads and slows down
the execution.
GPU Implementation
We keep two boolean arrays Fa and Xa of size
|V | for the frontier and visited vertices respectively. Initially, Xa is set to false and Fa contains the source vertex. In the first kernel (Algorithm 2), each thread looks at its entry in the
frontier array Fa (Figure 4). If present, it updates
the cost of its unvisited neighbors by writing its
own cost plus one to its neighbor’s index in the
global cost array Ca .∗
∗ It

is possible for many vertices to write a value at one
location concurrently while executing this step, leading to
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Algorithm 3 KERNEL2 BFS
1: tid ← getThreadID
2: if Fua [tid] then
3:
Fa [tid] ← true
4:
Xa [tid] ← true
5:
Fua [tid] ← false
6:
T erminate ← false
7: end if

Visited

Figure 4. Parallel BFS: Vertices in the frontier
list execute in parallel in each iteration. Execution stops when the frontier is empty.
Algorithm 2 KERNEL1 BFS
1: tid ← getThreadID
2: if Fa [tid] then
Fa [tid] ← false
3:
4:
for all neighbors nid of tid do
5:
if NOT Xa [nid] then
6:
Ca [nid] ← Ca [tid]+1
7:
Fua [nid] ← true
8:
end if
9:
end for
10: end if

Each thread removes its vertex from the frontier array Fa and adds its neighbors to an alternate updating frontier array Fua . This is needed
as there is no synchronization possible between
all CUDA threads. Modifying the frontier at the
time of updation may result in read after write
inconsistencies. A second kernel (Algorithm 3)
copies the updated frontier Fua to the actual frontier Fa . It adds the vertex in Fua to the visited
vertex array Xa and sets the termination flag as
false.
The process is repeated until the frontier array is empty and the while loop in Algorithm 1
line 2 terminates. In the worst case, the algorithm needs the order of the diameter of the graph
clashes in the global memory. We do not lock memory for
concurrent write operations because all frontier vertices
write the same value at their neighbor’s index location in
Ca . CUDA guarantees at least one of them will succeed
which is sufficient for our BFS cost propagation.

G(V, E) iterations. Results for this implementation are summarized in Figure 11.
5. ST-Connectivity (STCON)
The st-Connectivity problem resembles the
BFS problem closely. Given an unweighted directed graph G(V, E) and two vertices, s and
t, find a path if one exists from s to t. The
problem falls under N L-complete category with a
non-deterministic time complexity requiring logspace. The undirected version of this algorithm
falls in SL category with same space complexity.
Trifonov [48] gives a theoretical deterministic algorithm requiring O(log(n) log log(n)) space for
the undirected case. Reingold [44] provides the
optimal deterministic O(log(n)) space algorithm
for the undirected case. These results however
are not implemented in practice. Bader et al. [6]
implement STCON by extending their BFS implementation; they find the smallest distance between s and t by keeping track of all expanded
frontier vertices. We also modify BFS to find the
smallest number of edges needed to reach t from
s for the undirected case.
Our approach starts BFS concurrently from s
and t with initial colors assigned to them. In
each iteration, colors are propagated to neighbors along with the BFS cost. Termination is
when both colors meet. Evidently, both frontiers
hold the smallest distance to current vertices from
their respective source vertices, the smallest path
between s and t is reached when frontiers come
in contact with each other. Figure 5 depicts two
termination condition due to merging of frontiers,
either at a vertex or an edge.
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Figure 5. Parallel st-connectivity with colors expanding from s and t vertices.
GPU Implementation
Along with Va , Ea , Fa , and Ca we keep two
boolean arrays Ra and Ga , one for red color and
the other for green, of size |V | as the vertices visited by s and t frontiers respectively. Initially Ra
and Ga are set to false and Fa contains the source
and target vertices. To keep the state of variables
intact, alternate updating arrays Rua , Gua and
Fua of size |V | are used in each iteration.
Each vertex, if present in Fa , reads its color in
both Ra and Ga and sets its own color to one of
the two. This is exclusive as a vertex can only
exist in one of the two arrays as an overlap is
a termination condition for the algorithm. Each
vertex updates the cost of its unvisited neighbors
by adding 1 to its own cost and writing it to the
neighbor’s index in Ca . Based on its color, the
vertex also adds its neighbors to its own color’s
visited vertices by adding them to either Rua or
Gua . The algorithm terminates if any unvisited
neighbor of the vertex is of the opposite color.
The vertex removes itself from the frontier array
Fa and adds its neighbors to the updating frontier
array Fua . Kernel1 (Algorithm 4) depicts these
steps.
The second Kernel (Algorithm 5) copies the updating arrays Fua , Rua , Gua to actual arrays Fa ,
Ra and Ga for all newly visited vertices. It also
checks the termination condition due to merging
of frontiers and terminates the algorithm if frontiers meet at any vertex. Figure 12 summarizes
results for this implementation.
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Algorithm 4 KERNEL1 STCON
1: tid ← getThreadID
2: if Fa [tid] then
3:
Fa [tid] ← false
4:
for all neighbors nid of tid do
5:
if (Ra [tid]&Ga [nid]) | (Ga [tid]&Ra [nid])
then Terminate
6:
if NOT (Ga [nid] | Ra [nid]) then
if Ga [tid] then Gua [nid] ← true
7:
8:
if Ra [tid] then Rua [nid] ← true
9:
Fua [nid] ← true
10:
Ca [nid] ← Ca [tid]+1
11:
end if
end for
12:
13: end if

Algorithm 5 KERNEL2 STCON
1: tid ← getThreadID
2: if Fua [tid] then
3:
if Gua [tid] &Rua [tid] then Terminate
4:
Fa [tid] ← true
if Rua [tid] then Ra [tid] ← true
5:
6:
if Gua [tid] then Ga [tid] ← true
7:
Fua [tid] ← false
8:
Rua [tid] ← false
9:
Gua [tid] ← false
10: end if

6. Single Source Shortest Path (SSSP)
The sequential solution to single source shortest path problem comes from Dijkstra [22]. Originally the algorithm required O(V 2 ) time but
was later improved using Fibonacci heap to
O(V log V + E). A parallel version of Dijkstra’s
algorithm on a PRAM given in [18] introduces
a O(V 1/3 log V ) algorithm requiring O(V log V )
work. Nepomniaschaya et al. [41] parallelized Dijkstra’s algorithm for associative parallel processors. Narayanan [39] solves the SSSP problem
for processor arrays. Although parallel implementations of the Dijkstra’s SSSP algorithm are
reported [17], an efficient PRAM algorithm does
not exist.
Single source shortest path does not traverse a
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graph in levels, as cost of a visited vertex may
change due to a low cost path being discovered
later in the execution. Simultaneous updates
are triggered by vertices undergoing a change in
cost values. These vertices constitute an execution mask. Termination condition is reached with
equilibrium when there is no change in cost for
any vertex.
We assign one thread to every vertex. Threads
in the execution mask execute in parallel. Each
vertex updates the cost of its neighbors and removes itself from the execution mask. Any vertex
whose cost is updated is put into the execution
mask for next iteration of execution. This process is repeated until there is no change in cost
for any vertex. Figure 6 shows the execution mask
(shown as colors) and cost states for a simple case,
costs are updated in each iteration, with vertices
undergoing re-execution if their cost changes.
4
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Algorithm 6 KERNEL1 SSSP
1: tid ← getThreadID
2: if Ma [tid] then
3:
Ma [tid] ← false
4:
for all neighbors nid of tid do
5:
Begin Atomic
if Cua [nid] > Ca [tid] +Wa [nid] then
6:
7:
Cua [nid] ← Ca [tid]+Wa [nid]
8:
end if
9:
End Atomic
10:
end for
11: end if
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tex index). The alternate cost array Cua is used
to resolve read after write inconsistencies in the
global memory. Update in Cua (v) needs to lock
its memory location for modifying the cost as
many threads may write different values at the
same location concurrently. We use the atomicMin function supported on CUDA 1.1 hardware
(lines 5 − 9, Algorithm 6) to resolve this.

Execution terminates when mask is empty

Figure 6. SSSP execution: In each iteration, vertices in the mask update costs of their neighbors.
A vertex whose cost changes is put in the mask
for execution in the next iteration.
GPU Implementation
For our implementation (Algorithm 6 and Algorithm 7) we keep a boolean mask Ma and cost
array Ca of size |V |. Wa holds the weights of
edges and an updating cost array Cua is used
for intermediate cost values. Initially the mask
Ma contains the source vertex. Each vertex looks
at its entry in the mask Ma . If true, it fetches
its own cost from Ca and updates the cost of
its neighbors if greater than Ca (u)+Wa (u, v) in
the updating cost array Cua (where u is the current vertex index and v is the neighboring ver-

Algorithm 7 KERNEL2 SSSP
1: tid ← getThreadID
2: if Ca [tid] > Cua [tid] then
3:
Ca [tid] ← Cua [tid]
4:
Ma [tid] ← true
5:
T erminate ← false
6: end if
7: Cua [tid] ← Ca [tid]

Atomic functions resolve concurrent writes by
assigning exclusive rights to one thread at a time.
The clashes are thus serialized in an unspecified
order. The function compares the existing Cua (v)
cost with Ca (u)+Wa (u, v) and updates the value
if necessary. A second kernel (Algorithm 7) is
used to reflect updating cost Cua to the cost array
Ca . If Ca is greater than Cua for any vertex,
it is set for execution in the mask Ma and the
termination flag is toggled to continue execution.
This process is repeated until the mask is empty.
Experimental results for this implementation are
reported in figure 13.
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7. All Pairs Shortest Paths (APSP)
Warshall defined boolean transitive closure for
matrices that was later used to develop the
Floyd Warshall algorithm for the APSP problem.
The algorithm had O(V 2 ) space complexity and
O(V 3 ) time complexity. Numerous parallel versions for the APSP problem have been developed
to date [47,43,29]. Micikevicius [37] reported a
GPGPU implementation for the same, but due
to O(V 2 ) space requirements he reported results
on small graphs.
The Floyd Warshall parallel CREW PRAM algorithm (Algorithm 8) can be easily extended to
CUDA if the graph is represented as an adjacency
matrix. The kernel implements line 4 of Algorithm 8 while the rest of the code runs on the
CPU. This approach however requires entire matrix to be present on the CUDA device. In practice this approach performs slower as compared
to approaches outlined below. Please see [30] for
a comparative study.

Algorithm 8 Parallel-Floyd-Warshall
1: Create adjacency Matrix A from G(V, E, W )
2: for k from 1 to V do
3:
for all Elements of A, in parallel do
A[i, j] ← min(A[i, j], A[i, k]+A[k, j])
4:
5:
end for
6: end for

7.1. APSP using SSSP
Reducing space requirements on the CUDA device directly helps in handling larger graphs. A
simple space conserving solution to the APSP
problem is to run SSSP from each vertex iteratively using the graph representation given in
Figure 2. This implementation requires O(V +E)
space on the GPU with a vector of O(V ) copied
back to the CPU memory in each iteration. However for dense graphs this approach proves inefficient. We implemented this approach for general
graphs and found it to be a scalable solution for
low degree graphs. See the results in Figure 14.
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7.2. APSP as Matrix Multiplication
Katz and Kider [33] formulate a CUDA implementation for APSP on large graphs using
a matrix block approach. They implement the
Floyd Warshall algorithm based on transitive closure with a cache efficient blocking technique
(extension of method proposed by Venkataraman [49]), in which the adjacency matrix (broken into blocks) present in the global memory
is brought into the multiprocessor shared memory intelligently. They handle larger graphs using multiple CUDA devices by partitioning the
problem across the number of devices. We take a
different approach and use streaming of data from
the CPU to GPU memory for handling larger matrices. Our implementation uses a modified parallel matrix multiplication with blocking approach.
Our times are slightly slower as compared to Katz
and Kider for fully connected small graphs. For
general large graphs however we gain 2 − 4 times
speed over the method proposed by Katz and
Kider.
A simple modification to the matrix multiplication algorithm yields an APSP solution (Algorithm 9). Lines 4 − 11 is the general matrix
multiplication algorithm with the multiplication
and addition operations replaced by addition and
minimum operations respectively, line 7. The
outer loop (line 3) utilizes the transitive property
of matrix multiplication and runs log V times.
Algorithm 9 MATRIX APSP
1: D 1 ← A
2: for m ≤ log V do
3:
for i ← 1 to V do
4:
for j ← 1 to V do
m
5:
Di,j
←∞
for k ← 1 to V do
6:
(m−1)
m
m
7:
Di,j
← min(Di,j
, Di,j
+ Ak,j )
end for
8:
9:
end for
10:
end for
11: end for
We modify the parallel version of matrix multiplication proposed by Volkov and Demmel [51]
for our APSP solution.
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7.2.1. Cache Efficient Graph Representation
For matrix multiplication based APSP, we use
an adjacency matrix to represent graph. Figure 7
depicts a cache efficient conflict free blocking
scheme used for matrix multiplication by Volkov
and Demmel. We present two new ideas over
the basic matrix multiplication scheme. The first
is the modification to handle graphs larger than
the device memory by streaming data as required
from the CPU. The second is the lazy evaluation
of the minimum finding which results in a huge
boost in performance.
B

CPU

Global memory
C

C1 C2 C3

C

R
R1
R2
R3

64x4

16x16

64 x 16

B

R
CPU Memory

Global Memory

Shared Memory

Figure 7. Blocks for matrix multiplication by
Volkov and Demmel [51] modified to stream from
CPU to GPU.
Streaming Blocks: To handle large graphs,
the adjacency matrix present in the CPU memory is divided into rectangular row and column
submatrices. These are streamed into the device
global memory and a matrix-block Dm based on
their values is computed. Let R be the row and
C the column submatrices of the original matrix
present in the device memory. For every row submatrix R we iterate through all column submatrices C of the original matrix. We assume CPU
memory is large enough to hold the adjacency matrix, though our method can be easily extended
to secondary storage with slight modification.

Let the size of available device memory be
GP Umem . We divide the adjacency matrix into
rows R and column C submatrices of size (B ×V )
and (V × B) respectively such that
¡
¢
m
size RB×V + CV ×B + DB×B
≤ GPUmem ,
where B is the block size. A total of
µ 3
¶
µ
µ 3 ¶¶
V
V
2
log V
+V
≡ O log V
B
B
elements are transferred between CPU and GPU
for a V × V adjacency matrix for our APSP
computation, with V 3 log V /B reads and V 2 log V
writes. Time taken for this data transfer is negligible compared to the computation time, and
can be easily hidden using asynchronous read and
write operations supported on current generation
CUDA hardware.
For example, for a 18K × 18K matrix with
integer entries and 1GB device memory, a block
size B ' 6K can be used. At a PCI-e×16 practical transfer rate of 3.3 GB/s, data transfer takes
nearly 16 seconds. This time is negligible as
compared to ' 800 seconds of computation time
taken on Tesla for a 18K × 18K matrix without
streaming (result taken from Table 4).
Lazy Minimum Evaluation: The basic step
of Floyd’s algorithm is similar to matrix multiplication with multiplication replaced by addition
and addition by minimum finding. However, for
sparse-degree graphs, the connections are few and
the other entries of the adjacency matrix are infinity. When an entry is infinity, additions involving it and subsequent minimum finding can
be skipped altogether without affecting correctness. We, therefore, evaluate the minimum in
a lazy manner, skipping all paths involving a
non-existent edge. This results in a speedup of
2 to 3 times over complete evaluation on most
graphs. This also makes the running time degreedependent.
GPU Implementation
Let R be the row and C be the column submatrices of the adjacency matrix. Let Di denote
a temporary matrix variable of size B × B used
to hold intermediate values. In each iteration of
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outer loop (Algorithm 9, line 2) Di is modified
using C and R. Lines 3 − 10 of Algorithm 9 are
executed on the CUDA device while the rest of
the code executes on the CPU.
Algorithm 10 KERNEL APSP
1: d[1 : 16] ← 16 values of 64 × 16 block of D i
2: for loop over (dimension of C)/16 times do
3:
c[1 : 16][1 : 16]← next 16 × 16 block of C
4:
p←0
5:
for 1 to 4 do
6:
r[1 : 4]← 4 values of next 64 × 16 block
of R
7:
for j ← 1 to 4 do
8:
for k ← 1 to 16 do
9:
if d[k] > r[j]+c[p][k] then
10:
d[k]← r[j]+c[p][k]
11:
end if
12:
end for
13:
p←p+1
14:
end for
15:
end for
16: end for
17: Merge d[1 : 16] with 64 × 16 block of D i
Our kernel modifies the matrix multiplication
routine given by Volkov and Demmel [51] by
replacing the multiplication and addition operations with addition and minimum operations.
Shared memory is used as a user managed cache
to improve performance. Volkov and Demmel
bring sections of matrices R, C and Di into
shared memory in blocks: R is brought in 64 × 4
sized blocks, C in 16 × 16 sized blocks and Di in
64 × 16 sized blocks. These values are selected to
maximize throughput of the CUDA device. During execution, each thread computes 64 × 16 values of Di . Algorithm 10 describes the modified
matrix multiplication kernel. Please see [51] for
full details on the matrix multiplication kernel.
Here d, r and c are shared memory variables.
The above kernel produces a speed up of up to 2
times over the earlier parallel matrix multiplication kernel [42]. Lazy minimum evaluation goes
further; if either entry of R or C is infinity due to
a non-existent edge, we do not update the output
matrix. We achieve much better performance on
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general graphs using lazy min evaluation. However, computation time is no more independent
of the degree of the graph.
7.3. Gaussian Elimination Based APSP
In a parallel work that came to light very recently, Buluc et al. [11] formulate a fast recursive
APSP algorithm based on Gaussian elimination.
They cleverly extend the R-Kleene [20] algorithm
for in place APSP computation on global memory. They split each APSP step recursively into 2
APSPs involving graphs of half the size, 6 matrix
multiplications and 2 matrix additions. The basecase is when there are 16 or fewer vertices; Floyd’s
algorithm is applied in that case by modifying the
CUDA matrix multiplication kernel proposed by
Volkov and Demmel [51]. They also use the fast
matrix multiplication for other steps. Their implementation is degree independent and fast; they
achieve a speed up of 5 − 10 times over the APSP
implementation presented above.
While the approach of Buluc et al. is the fastest
APSP implementation on the GPU so far, our
key ideas can extend it further. We incorporated
the lazy minimum evaluation into their code and
obtained a speed up of 2 over their native approach. Their approach is memory heavy and
is best suited when the adjacency matrix can fit
completely in the GPU device memory. Their
approach involves several matrix multiplications
and additions. Extending this to stream the data
from CPU to the GPU for matrix operations in
terms of blocks that fit in the device memory will
involve many more communications between the
CPU and the GPU and many more computations.
The CPU to GPU communication bandwidth has
not at all kept pace with the increase in the number of cores or computation power of the GPU.
Thus, our non-matrix approach is likely to scale
better to arbitrarily high graphs than the Gaussian Elimination based approach by Buluc et al.
Comparison of the matrix multiplication approach with APSP using SSSP and Gaussian
elimination approach is summarized in Figure 14.
Comparison of matrix multiplication approach
with Katz and Kider is given in Figure 15. Behavior of the matrix approach with varying degree is
reported in Table 1.
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8. Minimum Spanning Tree (MST)
Best time complexity for a serial solution
to the MST problem, proposed by Bernard
Chazelle [13], is O(Eα(E, V )), where α is
the functional inverse of Ackermann’s function.
Borůvka’s algorithm [10] is a popular solution
to the MST problem. In a serial setting it
takes O(E log V ) time. However, numerous parallel variations of this algorithm also exist [34].
Chong et al. [15] report a EREW PRAM algorithm requiring O(log V ) time and O(V log V )
work. Bader et al. [4] design a fast algorithm
for symmetric multiprocessors with O((V +E)/p)
lookups and local operations for a p processor
machine. Chung et al. [16] efficiently implement Borůvka’s algorithm on a asynchronous distributed memory machine by reducing communication costs. Dehne and Götz implement three
variations of Borůvka’s algorithm using the BSP
model [21].
We implement a modified parallel Borůvka algorithm on CUDA. We create colored partial
spanning trees from all vertices, grow individual
trees, and merge colors when trees come in contact. Cycles are removed explicitly in each iteration. Connected components are found via color
propagation, an approach similar to our SSSP implementation (section 6).
We represent each supervertex in Borůvka’s algorithm as a color. Each supervertex finds the
minimum weighted edge to another supervertex
and adds it to the output MST array. Each newly
added edge in the MST edge list updates the
colors of both its supervertices until there is no
change in color values for all supervertices. Cycles
are removed from the newly created graph and
each vertex in a supervertex updates its color to
the new color of the supervertex. This processes
is repeated and the number of supervertices keep
on decreasing. The algorithm terminates when
exactly one supervertex remains.
GPU Implementation
We use colors array Ca , color index array Cia
(per vertex color index to which the vertex belongs to), active colors array Aca and newly
added MST edges NMsta of size |V |. Output is a

Algorithm 11 Minimum Spanning Tree
1: Create Va , Ea , Wa from G(V, E, W )
2: Initialize Ca and Cia to vertex id.
3: Initialize Msta to false
4: while More than 1 supervertex remains do
5:
Clear NMsta , Aca , Dega and Cya
Kernel1 for each vertex: Finds the mini6:
mum weighted outgoing edge from each supervertex to the lowest outgoing color by
working at each vertex of the supervertex,
sets the edge in NMsta .
7:
Kernel2 for each supervertex: Each supervertex sets its added edge in NMsta as part
of output MST, Msta .
8:
Kernel3 for each supervertex: Each added
edge, in NMsta , increments the degrees of
both its supervertices in Dega using color
as index. Old colors are saved in PrevCa .
9:
while no change in color values Ca do
10:
Kernel4 for each supervertex: Each
edge in NMsta updates colors of supervertices by propagating the lower color
to the higher.
11:
end while
12:
while 1 degree supervertex remains do
Kernel5 for each supervertex: All 1 de13:
gree supervertices nullify their edge in
NMsta , and decrement their own degree
and the degree of its outgoing supervertex using old colors from PrevCa .
14:
end while
15:
Kernel6 for each supervertex: Each remaining edge in NMsta adds itself to Cya
using new colors from Ca .
16:
Kernel7 for each supervertex: Each entry
in Cya is removed from the output MST,
Msta , resulting in cycle free MST.
Kernel8 for each vertex: Each vertex up17:
dates its own colorindex to the new color
of its new supervertex.
18: end while
19: Copy Msta to CPU memory as output.
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cutes for all supervertices (or active colors) after
Kernel1 executes for every vertex of the graph.

Each color finds the min weighted edge
to another color

Each edge updates colors of both super
vertices until there is no change in colors

Each vertex updates its color to new
Terminates when one supervertex remains
supervertex color
Edge picking operation is parallel and hence can result
< < < <
in MST containing cycles. Cycle making edges are
Increasing order of colors
removed explicitly from the MST in each iteration.

Figure 8. Parallel minimum spanning tree.

set of edges present in the MST, let Msta of size
|E| denote this. Further, we keep degrees array
Dega and cycle edges array Cya of size |V | for cycle finding and elimination. Arrays Va , Ea and
Wa retain their previous meanings. Initially, Ca
holds the vertex id as color and each vertex points
to this color in Cia , Aca and Msta are set to false
and NMsta holds null. We assign one color to
each vertex in the graph initially, eliminating uncolored vertices and thus race conditions due to
them. An overview of the algorithm using steps
presented in following sections is given in Algorithm 11.
8.1. Finding Minimum Weighted Edge
Every vertex knows its color, i.e., the supervertex it belongs to. Each vertex finds its minimum
weighted edge using edge weights Wa . The index
of this edge is written atomically to the color index of the supervertex in global memory. If multiple edges in a supervertex have minimum weight,
the one with minimum outgoing color is selected.
Algorithm 12 finds the minimum weighted edge
for each supervertex. Please note lines 10 − 14 in
the pseudo code (Algorithm 12) are implemented
as multiple atomic operations in practice.
Algorithm 13 adds the minimum weighed edge
from each supervertex to the final MST output
array Msta . This kernel is important as we cannot add an edge to MST array until all vertices
belonging to a single supervertex have voted for
their lowest weighted edge. This Kernel exe-

Algorithm 12 KERNEL1 MST
1: tid ← getThreadID
2: cid ← Cia [tid]
3: col ← Ca [cid]
4: for all edges eid of tid do
5:
col2 ← Ca [Cia [Ea [eid]]]
6:
if NOT Msta [eid] & col 6= col2 then
7:
Ieid← Index(min(Wa [eid] &col2))
8:
end if
9: end for
10: Begin Atomic
11: if Wa [Ieid] > Wa [N M sta [col]] then
12:
NMsta [col] ← Ieid
13: end if
14: End Atomic
15: Aca [col] ← true

Algorithm 13 KERNEL2 MST
1: col ← getThreadID
2: if Aca [col] then
3:
Msta [NMsta [col]]← true
4: end if
8.2. Finding and Removing Cycles
As C edges are added for C colors, atleast one
cycle is expected to be formed in the new graph of
supervertices. Multiple cycles can also form for
disjoint components of supervertices. Figure 9
shows such a case. It is easy to see that each
such component can have atmost one cycle consisting of exactly 2 supervertices with both edges
in the cycle having equal weights. Identifying
these edges and removing one edge per cycle is
crucial for correct output.
In order to find these edges, we assign degrees
to supervertices using newly added edges NMsta .
We then remove all 1-degree supervertices iteratively until there is no 1-degree supervertex left,
resulting in supervertices that are part of cycles.
Each added edge increments the degree of both
its supervertices using color of the supervertex as
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its index in Dega (Algorithm 14). After color
propagation, i.e., merger of supervertices (Section 8.3), all 1-degree supervertices nullify their
added edge in NMsta . They also decrement their
own degree and the degree of thier added edge’s
outgoing supervertex in Dega (Algorithm 16).
This process is repeated until there is no 1-degree
supervertex left, resulting in supervertices whose
edges form a cycle.
Incrementing the degree array needs to be done
before propagating colors, as the old color is used
as index in Dega for each supervertex. Old colors
are also needed after color propagation to identify
supervertices while decrementing the degrees. To
this end, we preserve old colors before propagating new colors in an alternate color array PrevCa
(Algorithm 14).
After removing 1-degree supervertices, resulting supervertices write their edge from NMsta to
their new color location in Cya (Algorithm 17),
after new colors have been assigned to supervertices of each disjoint component using Algorithm 15. One edge of the two, per disjoint component, survives this step. Since both edges have
equal weights, there is no preference for any edge.
Edges in Cya are then removed from the output
MST array Msta (Algorithm 18) resulting in cycle
free partial MST.
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This edge is never picked;
as the minimum outgoing
color is selected
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Increasing order of colors

Removing any one edge from the cycle will not violate
MST since weights of both edges are equal

Figure 9. For C colors, C edges are added, resulting in multiple cycles. One edge per cycle must
be removed.
is repeated until there is no change in color values
for any supervertex. Color propagation mechanism is similar to the SSSP step. Kernel4 (Algorithm 15) executes for each added edge and updates the colors of both the vertices to the lower
one. As in the SSSP implementation, we use an
alternate color array to store intermediate values
and to resolve read after write inconsistencies.

Algorithm 14 KERNEL3 MST
1: col ← getThreadID
2: if Aca [col] then
3:
col2 ← Ca [Cia [Ea [NMsta [col]]]]
4:
Begin Atomic
5:
Dega [col]← Dega [col]+1
6:
Dega [col2]← Dega [col2]+1
7:
End Atomic
8: end if
9: PrevCa [col] ← Ca [col]

Algorithm 15 KERNEL4 MST
1: cid ← getThreadID
2: col ← Ca [cid]
3: if Aca [col] then
4:
cid2 ← Cia [Ea [NMsta [col]]]
5:
Begin Atomic
6:
if Ca [cid] > Ca [cid2] then
7:
Ca [cid] ← Ca [cid2]
8:
end if
9:
if Ca [cid2] > Ca [cid] then
10:
Ca [cid2] ← Ca [cid]
end if
11:
12:
End Atomic
13: end if

8.3. Merging Supervertices
Each added edge merges two supervertices.
Lesser color of the two is propagated by assigning
it to the higher colored supervertex. This process

8.4. Assigning Colors to Vertices
Each vertex in a supervertex must know its
color; merging of colors in the previous step does
not necessarily end with all vertices in a component being assigned the minimum color of that
component. Rather, a link in color values is
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Algorithm 16 KERNEL5 MST
1: cid ← getThreadID
2: col ← PrevCa [cid]
3: if Aca [col] & Dega [col] = 1 then
4:
col2 ← PrevCa [Cia [Ea [NMsta [cid]]]]
5:
Begin Atomic
6:
Dega [col]← Dega [col]−1
7:
Dega [col2]← Dega [col2]−1
End Atomic
8:
9:
NMsta [col] ← φ
10: end if

est color it should point to. Since the color is
same as the index initially, the color and the index must be same for all active colors. This property is used while updating colors for each vertex.
Each vertex in Kernel8 (Algorithm 19) finds its
colorindex cid and traverses the colors array Ca
until coloridnex is not equal to color.
Timings for MST implementation on various
types of graphs are reported in Figure 16.

Algorithm 17 KERNEL6 MST
1: cid ← getThreadID
2: col ← PrevCa [cid]
3: if Aca [col] & NMsta [col] 6= φ then
4:
newcol ← Ca [Cia [Ea [NMsta [col]]]]
5:
Cya [newcol] ← NMsta [col]
6: end if

9. Maximum Flow (MF)/Min Cut

Algorithm 18 KERNEL7 MST
1: col ← getThreadID
2: if Cya [col] 6= φ then
3:
Msta [Cya [col]]← false
4: end if

Algorithm 19 KERNEL8 MST
1: tid ← getThreadID
2: cid ← Cia [tid]
3: col ← Ca [cid]
4: while col 6= cid do
5:
col ← Ca [cid]
6:
cid ← Ca [col]
7: end while
8: Cia [tid] ← cid
9: if col 6= 0 then
10:
T erminate ← false
11: end if

established during the previous step. This link
must be traversed by each vertex to find the low-

Maxflow tries to find the minimum weighed
cut that separates a graph into two disjoint
sets of vertices, one containing the source s
and the other target t.
The fastest serial solution due
to
Goldberg
and Rao takes
√
O(Emin(V 2/3 , E) log(V 2 /E) log(U )) time [26],
where U is the maximum capacity of the graph.
Popular serial solutions to the max flow problem include Ford-Fulkerson’s algorithm [25], later
improved by Edmond and Karp [23], and the
Push-Relabel algorithm [27] by Goldberg and
Tarjan. Edmond-Karp’s algorithm repeatedly
computes augmenting paths from s to t using
BFS, through which flows are pushed, until no
augmented paths exist. The Push-Relabel algorithm works by pushing flow from s to t by increasing heights of nodes farther away from t.
Rather than examining the entire residual network to find an augmenting path, it works locally,
looking at each vertex’s neighbors in the residual
graph.
Anderson and Setubal [3] first gave a parallel version of the Push-Relabel algorithm. Bader
and Sachdeva implemented parallel cache efficient
variation of the push-relabel algorithm using an
SMP [9]. Alizadeh and Goldberg [2] implemented
the same on a massively parallel Connection Machine CM−2. GPU implementations of the pushrelabel algorithm are also reported [31]. A CUDA
implementation for grid graphs specific to vision
applications is reported in [50]. We implement
the parallel push-relabel algorithm using CUDA
for general graphs.
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The Push-Relabel Algorithm
The push-relabel algorithm constructs and
maintains a residual graph at all times. The
residual graph Gf of the graph G has the same
topology, but consists of the edges which can admit more flow. Each edge has a current capacity
in Gf , called its residual capacity which is the
amount of flow that it can admit currently. Each
vertex in the graph maintains a reservoir of flow
(excess flow) and a height. Based on its height
and excess flow either push or relabel operations
are undertaken at each vertex. Initially height of
s is set to |V | and height of t to 0. Height at
all times is a conservative estimate of the vertex’s
distance from the source.
 Push: The push operation is applied at a
vertex if its height is one more than any
of its neighbor and it has excess flow in its
reservoir. The result of push is either saturation of an edge in Gf or saturation of
vertex, i.e., empty reservoir.
 Relabel: Relabel operation is applied to
change the heights. If any vertex has excess
flow but there is a height mismatch and it
cannot flow, the relabel operation makes its
height one more than the minimum height
of its neighbor.

Better estimates of height values can be obtained using global or gap relabeling [9]. Global
relabeling uses BFS to correctly assign distances
from the target whereas gap relabeling finds gaps
using height mismatches in the entire graph.
However, both are expensive operations, especially when executed on parallel hardware. The
algorithm terminates when neither push nor relabeling can be applied. The excess flows in the
nodes are then pushed back to the source and the
saturated nodes of the final residual graph gives
the maximum flow/minimal cut.
GPU Implementation
We keep ea and ha arrays representing excess
flow and height per vertex. An activity mask
Ma holds three distinct sates per vertex, 0 corresponding to the relabeling state (ea (u)> 0, ha (v)
≥ ha (u) ∀ neighbors v ∈ Gf ), 1 for the push

Height
ha

ha(s) = No of nodes

ha(t) = 0
Residual Graph Gf at intermediate stage

Push and Relabel operations in Gf

Source
Sink
Nodes present in Gf

Nodes not present in Gf
Relabelling Nodes
Pushing Nodes

Figure 10. Parallel maxflow, showing push and
relabel operations based on ea and ha

state (ea (u) > 0 and ha (u) = ha (v)+1 for any
neighbor v ∈ Gf ) and 2 for saturation. Based
on these values the push and relabel operations
are undertaken. Initially activity mask is set to
0 for all vertices. We use both local relabeling
and global relabeling. We apply multiple pushes
before applying the relabel operation. Multiple
local relabels are also applied before applying a
single global relabel step. Algorithm 20 describes
this scenario. Backward BFS from the sink is
used for global relabeling.

Algorithm 20 Max Flow Step
1: for 1 to k times do
2:
Apply m pushes
3:
Apply Local Relabel
4: end for
5: Apply Global Relabel

Relabel: Relabels are applied as given in Algorithm 20. Local relabel operation is applied
at a vertex if it has positive excess flow but no
push is possible to any neighbor due to height
mismatch. The height of vertex is increased by
setting it to one more than the minimum height
of its neighboring nodes.
For local relabeling, each vertex updates its
height to one more than the minimum height of
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its neighbors in the residual graph. Kernel1 (Algorithm 21) explains this operation. For global
relabeling we use backward BFS from sink, which
propagates the height values to each vertex in the
residual graph based on its actual distance from
sink.

Algorithm 21 KERNEL1 MAXFLOW
1: tid ← getThreadID
2: if Ma [tid] = 0 then
3:
for all neighbors nid of tid do
4:
if nid ∈ Gf &minh > ha [nid] then
5:
minh ← ha [nid]
6:
end if
7:
end for
8:
ha [tid] ← minh + 1
9:
Ma [tid] ← 1
10: end if
Push: The push operation can be applied at
a vertex if it has excess flow and its height is equal
to 1 more than one of its neighbor’s. After the
push, either vertex is saturated (i.e., excess flow
is zero) or the edge is saturated (i.e., capacity of
edge is zero).
Each vertex looks at its activity mask Ma , if 1
it pushes the excess flow along the edges present
in residual graph. It atomically subtracts the flow
from its own reservoir and adds it to the neighbor’s reservoir. For every edge (u, v) of u in residual graph it atomically subtracts the flow from
the residual capacity of (u, v) and adds (atomically) it to the residual capacity of (v, u). Kernel2
(Algorithm 22) performs the push operation.
Algorithm 23 changes the state of each vertex. The activity mask is set to either 0, 1 or
2 states reflecting relabel, push and saturation
states based on the excess flow, residual edge capacities and height mismatches at each vertex.
Each vertex sets the termination flag to false if
its state undergoes a change.
The operations terminate when there is no
change in the activity mask. This does not necessarily occur when all nodes have saturated. Due
to saturation of edges, some unsaturated nodes
may get cutoff from sink, these nodes do not con-
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Algorithm 22 KERNEL2 MAXFLOW
1: tid ← getThreadID
2: if Ma [tid] = 1 then
3:
for all neighbors nid of tid do
4:
if nid ∈ Gf &ha [tid]= ha [nid]+1 then
5:
minf low ← min(ea [tid], Wa [nid])
6:
Begin Atomic
7:
ea [tid] ← ea [tid] −minf low
ea [nid] ← ea [nid] +minf low
8:
9:
Wa (tid,nid)←Wa (tid,nid)−minf low
10:
Wa (nid,tid)←Wa (nid,tid)+minf low
11:
End Atomic
12:
end if
end for
13:
14: end if

Algorithm 23 KERNEL3 MAXFLOW
1: tid ← getThreadID
2: for all neighbors nid of tid do
3:
if ea [tid]≤ 0 OR Wa (tid,nid)≤ 0 then
4:
state ← 2
5:
else
6:
if ea [tid]> 0 then
7:
if ha [tid] = ha [nid] + 1 then
8:
state ← 1
9:
else
10:
state ← 0
11:
end if
end if
12:
13:
end if
14: end for
15: if Ma [tid]6= state then
16:
T erminate ← false
17:
Ma [tid]← state
18: end if

tribute any further and thus are not actively taking part in the process, consequently their state
does not change which can lead to an infinite loop
if termination is based on saturation of nodes.
Results of this implementation are given in Figure 17. Figure 18 shows the behavior of our implementation with varying m and k in accordance
to Algorithm 20.
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10. Performance Analysis
We choose graphs representatives of real world
problems. Our graph sizes vary from 1M to 10M
vertices for all algorithms except APSP. The focus of our experiments is to show fast processing of general graphs. Scarpazza et al. [45] focus on improving the throughput of the Cell/B.E.
for BFS. Bader and Madduri [6,8,4] use CRAY
MTA−2 for BFS, STCON and MST implementations. Dehne and Götz [21] use CC−48 to perform MST. Edmonds et al. [24] use Parallel Boost
graph library and Crobak et al. [19] use CRAY
MTA−2 for their SSSP implementations. Yoo et
al. [52] use the BlueGene/L for a BFS implementation. Though our input sizes are not comparable with the ones used in these implementations,
of orders of billions of vertices and edges, we show
implementations on a hardware several orders less
expensive. Because of the large difference in input
sizes, we do not compare our results with these
implementations directly. We show a comparison
of our APSP approach with Katz and Kider [33]
and Buluc et al. [11] on similar graph sizes as the
implementations are directly comparable.
10.1. Types of Graphs
We tested our algorithms on various types of
synthetic and real world large graphs including
graphs from the ninth DIMACS challenge [1].
Primarily, three generative models were used for
performance analysis, using the Georgia Tech.
graph generators [7]. These models approximate
real world datasets and are good representatives
for graphs commonly used in real world domains.
We assume all graphs to be connected with positive weights. Graphs are also assumed to be undirected with a complementary edge present for every edge in the graph. Models used for graph
generation are:
 Random Graphs: Random graphs have a
short band of degree where all vertices lie,
with a large number of vertices having similar degrees. A slight variation from the average degree results in a drastic decrease in
number of such vertices in the graph.
 R-MAT [12]/Scale Free/Power law:

A

large number of vertices have small degree
with a few vertices having large degree.
This model best approximates large graphs
found in real world. Practical large graphs
models including, Erdös-Rényi, power-law
and its derivations follow this generative
model. Due to its small degree distribution over most vertices and uneven degree
distribution these graphs expand slowly in
each iteration and exhibit uneven load balancing. These graphs therefore are a worst
case scenario for our algorithms as verified
empirically.
 SSCA#2 [5]: These graphs are made up
of random sized cliques of vertices with a
hierarchical distribution of edges between
cliques based on a distance metric.

10.2. Experimental Setup
Our testbed consisted of a single Nvidia GTX
280 graphics adapter with 1024MB memory on
board (30 multiprocessors, 240 stream processors) controlled by a Quad Core Intel processor
(Q6600 @ 2.4GHz) with 4GB RAM running Fedora Core 9. For CPU comparison we use the
Boost C++ graph library (with the exception of
BFS) compiled using gcc at optimization setting
−O4. We use our own BFS implementation on
CPU as it proved faster than Boost. BFS was
implemented using STL and C++, compiled with
gcc using −O4 optimization. A quarter Tesla
S1070 1U was used for graphs larger than 6M
in most cases, it has the same GPU as GTX 280
with 4096MB of memory.
10.3. Summary of Results
In experiments, we observed lower performance
on low degree/linear graphs. This behavior is not
surprising as our implementations cannot exploit
parallelism on such graphs. Only two vertices are
processed in parallel in each iteration for a linear graph. We also observed that vertex list compaction helps reduce running time by factor of 1.5
in such cases. Another hurdle for efficient parallel
execution is large variation in degree, which slows
down the execution on an SIMD machine owing to
uneven load per thread. This behavior is seen in
all algorithms on R-MAT graphs. Larger degree

Large Graph Algorithms for Massively Multithreaded Architectures
graphs benefit more using our implementations as
the expansion per iteration is more, resulting in
better expansion of data and thus better performance. We show relative behavior of each algorithm in the following sections, detailed timings
of plots given in each section are listed in Table 3
and Table 4 in the Appendix.
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315 ME/S as oppose to 101 ME/S obtained on
the Cell/B.E.
10.5. ST-Connectivity (STCON)
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Figure 12. st-Connectivity for varying number of
vertices for synthetic graph models.
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Figure 11. Breadth first search on varying number of vertices for synthetic graphs.

Figure 11 summarizes the results for our BFS
implementation using the compaction process. RMAT graphs perform poorly on the GPU as the
expansion of frontier at every level is low owing
to their linear nature. This prevents optimal utilization of the available computing resources as
discussed in Section 10.3. Further, because of few
high degree vertices, the loop in Algorithm 2 line
4 results in varying loads on different threads.
Loops of non-uniform length are inefficient on
SIMD architecture. Our implementation gains
a speed up of about nearly 5 times for the RMAT graphs and nearly 15 times for Random and
SSCA#2 graphs over the CPU implementation.
Throughput, millions of edges processed per
second (ME/S) is used as a BFS performance
measure in [45]. It is, however, not a good measure for our BFS implementation as we exploit
parallelism over vertices. However, for a 1M node
graph with 12M edges we obtain a throughput of

Figure 12 shows results of our STCON implementation. In the worst case, our STCON implementation takes half the time of our BFS implementation, since the maximum distance between
s and t can be the diameter of the graph and we
start BFS from s and t concurrently for STCON.
For fair comparison we averaged times of our results over 100 iterations of randomly selected s
and t vertices. Because of the linear nature of RMAT graphs we see a slower expansion of frontier
vertices with uneven loops leading to load imbalance and thus poor timings.
10.6. Single Source Shortest Path (SSSP)
Single source shortest path results are summarized in Figure 13. Vertex list compaction was
used to reduce number of threads executed in
each kernel call for R-MAT graphs. A 40% reduction in times was observed for R-MAT graphs using compaction over the non-compacted version.
R-MAT graphs however, even after compaction,
perform badly on the GPU as compared to other
types of graphs. On the CPU however they perform better compared to other graph models. We
gain 15 − 20 times speed up against boost for our
SSSP implementation.
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Figure 13. Single source shortest path on varying
number of vertices for synthetic graph models.

Figure 15. Comparing our matrix-based APSP
approach with Katz and Kider [33] on a Quadro
FX5600

10.7. All Pairs Shortest Paths (APSP)

graphs, matrix approach proves much faster. We
do not use lazy min for fully connected graphs
as it becomes an overhead for them. We are
able to process a fully connected 25K graph using
streaming of matrix blocks in nearly 75 minutes
on a single unit of Tesla S1070, which is equivalent in computing power to the GTX280, but has
4 times the memory.
For direct comparison with Katz and
Kider [33], we also show results on Quadro FX
5600. Figure 15 summarizes the results of these
experiments. In case of fully connected graphs
we are 1.5 times slower than Katz and Kider
up to the 10K graph. We achieve a speed up
of 2 − 4 times over Katz and Kider for larger
general graphs. The Gaussian elimination based
APSP by Buluc et al. [11] is the fastest among
the approaches. However, introducing the lazy
minimum evaluation to their approach provides
a further speed up of 2 − 3 as can be seen from
Figure 14 and Table 4.
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Figure 14.
Comparing APSP using SSSP,
APSP using matrix multiplications and APSP
using Gaussian elimination [11] approaches on a
GTX280 and Tesla
The SSSP-based, matrix multiplication-based
and Gaussian elimination-based APSP implementations are compared in Figure 14 on GTX
280 and Tesla. Matrix multiplication APSP uses
graph representation outlined in Section 7.2.1.
We stream data from CPU to GPU for graphs
larger than 18K for this approach. As seen
from the experiments, APSP using SSSP performs badly on all types of graph, but is a scalable
solution for large, low-degree graphs. For smaller

10.8. Minimum Spanning Tree (MST)
Timings for minimum spanning tree implementation are summarized in Figure 16 for synthetic
graphs. Our MST algorithm is not affected by
the linearity of the graph, as each supervertex
is processed in parallel independent to other supervertices and there is no expansion of frontier.
However for R-MAT graphs we see a slowdown
due to uneven loops over vertices with high de-
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Figure 16. Minimum spanning tree results for
varying number of vertices for synthetic graph
models

gree, which proves inefficient on a SIMD model.
A speed up of 15 times is achieved for random
and SSCA#2 graphs, a speed up of nearly 5 times
is achieved over the Boost C++ implementation
for R-MAT.
10.9. Max Flow (MF)
6
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Figure 17. Maxflow results for varying number of
vertices for synthetic graph models
Maxflow timings for various synthetic graphs
are shown in Figure 17. We average timings for
max flow over 5 iterations for randomly selected
source s and sink t vertices. R-MAT timings on
the GPU out shoots the CPU times because of
linear nature of these graphs.
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We also study the behavior of our max flow implementation for varying m and k, to control the
periodicity of the local and global relabeling steps
as given in Algorithm 20. Figure 18 depicts this
behavior for all three generative models on a 1M
vertex graph. Random and SSCA#2 graphs show
a similar behavior with time increasing with number of pushes for low or no local relabels. Time
decreases as we apply more local relabels. We
found for m = 3 and k = 7 the timing were optimal for random and SSCA#2 graphs. R-MAT
graphs however exhibit very different behavior for
varying m and k. For low local relabels the time
increases with increasing number of pushes similar to random and SSCA#2. However as local relabels are increased we see an increase in timings.
This can be attributed to the fact that linearity
poses slow convergence of local relabels in case of
R-MAT graphs.

10.10. Scalability
Scalability of our implementations over varying degree are summarized in Table 1. We show
results for a 100K vertex graph with varying degree. For APSP matrix based approach results for
a 4K graph are shown. As expected, the running
time increase with increasing degree in all cases.
However the scaling factor for GPU is much better than CPU in all implementations. This is because scans of edges increase with increasing degree, which is distributed over threads running in
parallel, resulting in less increase in time for the
GPU as compared to the CPU and thus better
scalability.
Results on the ninth DIMACS challenge [1]
dataset are summarized in Table 2. GPU performs worse than CPU in most implementations
for these inputs. The behavior can be explained
based on the linearity of these graphs. Parallel
expansion is minimal for these graphs as their
average degree is 2 − 3. Minimum spanning tree
however performs much faster than its CPU counterpart on these graphs owing to its inertness to
linearity.
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Figure 18. Maxflow behavior on a 1M vertex, 12M edge graph with varying m and k, Algorithm 20.
11. Conclusions
In this paper, we presented massively multithreaded algorithms on large graphs for the GPU
using the CUDA model. Each operation is typically broken down using a BSP-like model into
several kernels executing on the GPU that are
synchronized by the CPU. Using vertex list compaction we reduce the number of threads to be executed on the device and hence reducing context
switching of multiple blocks for iterative frontier
based algorithms. The divide and conquer approach scales well to massively multithreaded architectures for non-frontier based algorithms like
MST. Where the problem can be divided to its
simplest form at the lowest (vertex) level and conquered recursively further up the hierarchy. We
present results on medium and large graphs as
well as graphs that are random, scale-free, and
inspired by real-life examples. Most of our implementations can process graphs with millions of
vertices in 1 − 2 seconds on a commodity GPU.
This makes the GPUs attractive co-processors
to the CPU for several scientific and engineering
tasks that are modeled as graph algorithms. In
addition to the performance, we believe the massively multithreaded approach we present will be
applicable to the multicore and manycore architectures that are in the pipeline from different
manufacturers.
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APPENDIX

Table 3
Summary of results for synthetic graphs. Times in milliseconds
Algo

BFS∗

STCON

SSSP

MST

MF

Graph
Type
Random GPU†
Random CPU
R-MAT GPU†
R-MAT CPU
SSCA#2 GPU†
SSCA#2 CPU
Random GPU
Random CPU
R-MAT GPU
R-MAT CPU
SSCA#2 GPU
SSCA#2 CPU
Random GPU
Random CPU
R-MAT GPU†
R-MAT CPU
SSCA#2 GPU
SSCA#2 CPU
Random GPU†
Random CPU
R-MAT GPU†
R-MAT CPU
SSCA#2 GPU†
SSCA#2 CPU
Random GPU§
Random CPU
R-MAT GPU
R-MAT CPU
SSCA#2 GPU§
SSCA#2 CPU

1M
38
530
244
340
30
420
1.42
68
19.2
160
1.96
78
116
2330
576
1950
145
2110
770
12160
2076
10230
551
7540
598
15390
30743
8560
459
9760

Number of Vertices, average degree
2M
3M
4M
5M
82
132
184
251
1230
2000
2710
3480
433
778
944
1429
760
1230
1680
2270
62
95
142
178
930
1460
2010
2550
3.06
4.28
5.34
6.62
164
286
310
416
32.37
172.1
347.4
408.3
358
501
638
926
3.76
5.33
5.44
7.23
176
286
422
552
247
393
547
698
5430
10420
18130
1025
1584
1842
2561
4200
6700
11680
295
488
632
701
4490
6970
9550
1526
2452
3498
4654
26040
4391
5995
9102
10875
22340
1174
1772
2970
4173
15980
25230
3013
5083
7179
7323‡
33290
55514
74767 148627 232789‡
18770
2548
2943
7388
8606‡
20960
-

12, weights varying
6M
7M
338
416
4290
5040
1526
1969
2760
3220
233
294
3150
3710
7.37
9.96
536
692
579.1
626
1055
1288
8.08
9.1
595
665
920
947
3575
11334
980
1187
6424‡
8670‡
12852
15619‡
4879
7806‡
16871‡
30201‡
311267‡
12742‡
-

from 1 to 100
8M
9M
541
635‡
5800
2194
2339‡
3620
360
433‡
4310
10.8
11.15
1029
12.33
1140
1247
1282
1583
11125‡
21278‡
9993‡
34253‡
-

10M
678‡
3349‡
564‡
1535
2198‡
-

Table 4
Summary of results for synthetic graphs APSP approaches. Times in milliseconds
APSP
Using
SSSP
GTX 280
Matrix
GTX 280

Matrix
FX 5600
GE Based
Lazy Min
GTX 280
GE Based
Buluc [11]
GTX 280
Katz [33]
∗ CPU

Graph
Type
Random
R-MAT
SSCA#2
Random
R-MAT
SSCA#2
Fully Conn.
Random
R-MAT
SSCA#2
Fully Conn.
Random
R-MAT
SSCA#2
Random
R-MAT
SSCA#2
-

256
499
489
469
2.77
2.54
2.55
2.9
3.25
2.99
2.91
2.9
1.8
1.8
1.8
2.18
1.86
2.18
7.7

512
1277
1531
1300
11.3
10.9
8.6
15.2
21.3
22
15.78
25.1
4.4
4.5
4.5
6
5.9
5.9
34.9

Number of Vertices, average degree 12, weights in range 1 − 100
1024 2048
4096
9216 10240 11264
18K
25K
30K
3239 7851 18420 56713 65375 77265
160608
316078
556313
4145 12442 38812 143991 170121 211277
465037
1028275
1362119
3893 7677 17450 50498 58980 67794
163081
353166
461901
55.7 330.4 2240.8 41150 58889 72881‡ 244264‡ 1724970‡ ¶ 3072443‡ ¶
66.2
478
3756 32263 56906 71035‡ 339188‡ 1152989‡ ¶ 4032675‡ ¶
42.9 263.6 2063.7 43045 62517 76399‡ 220868‡ 1360469‡ ¶ 1872394‡ ¶
112
959
8363 110658 151820 202118‡ 799035‡ 4467455‡ ¶
136.3 827.9 5548 65552 87043 113993 1048598¶
174.8 1307.6 10534 94373 115294 137854 1487025¶
103.2 635.3 4751 62555 82708 109744 1001212¶
221.5 1941 16904 268757 368397 490157 4300447¶
12.1 44.9
230
1505
12.1
45
230
1505
12.1
44
230
1497
19.64 96.5
639
3959
19.1
96
638
3959
19.67
96
638
3965
230.1 1735.6 13720 158690 216400 1015700
-

implementation is ours
Compaction process
‡ Results taken on Tesla
§ Max Flow results at m = 3 and k = 7
¶ Results using streaming from CPU to GPU memory
† Using

